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O , Abstract. New Frobenius structures on Hurwitz spaces are found. A Hurwitz space is 

^ I considered as a real manifold; therefore the number of coordinates is twice as large as the 

CO ' number of coordinates on Hurwitz Frobenius manifolds of Dubrovin. Simple branch points of 
a ramified covering and their complex conjugates play the role of canonical coordinates on the 

I constructed Frobenius manifolds. Corresponding solutions to WDVV equations and G-functions 

J> ' are obtained. 

in 

^ : 1 Introduction 

^. . m . . . 

■rj" , Frobenius manifolds were introduced by B. Dubrovin W as a geometric interpretation of the 

' Witten - Dijkgraaf - E.Verlinde - H.Verlinde (WDVV) equations from two-dimensional topolo- 

gical field theory piTTj. 

The theory of Frobenius manifolds is related to various branches of mathematics: the theory 
' of singularities - some ingredients of a Frobenius manifold had long existed on the base space 

' of the universal unfolding of a hypersurface singularity. Besides singularity theory, Frobenius 

manifold structures have been found on cohomology spaces of smooth projective varieties (the 
theory of Gromov- Witten invariants); on extended moduli spaces of Calabi-Yau manifolds; on 
orbit spaces of Coxeter groups, extended affine Weil groups and Jacobi groups; and on Hurwitz 
spaces (see the references in [SIE])- 
a I The aim of the present work is to construct a new class of semisimple (vector algebra on any 

tangent space has no nilpotents) Frobenius manifolds associated with Hurwitz spaces. The di- 
mension of Dubrovin's Frobenius manifolds on Hurwitz spaces is equal to the complex dimension 
of the Hurwitz space. In this paper we build Frobenius structures of a double dimension on the 
real Hurwitz space. We consider the Hurwitz space as a real manifold, i.e. we complement the 
set of its usual local coordinates by the set of their complex conjugates. We call new Frobenius 
manifolds the "real doubles" of Hurwitz Frobenius manifolds of Dubrovin (in some cases the 
prepotential of a "real double" is real- valued, however this is not always the case). 

We start with a construction of a family of Darboux-Egoroff (flat potential diagonal) metrics 
on a real Hurwitz space in genus greater than zero. The Hurwitz space we consider is the 
space of coverings (£, A) of CP^ , where £ is a Riemann surface of genus > 1 , A is a 
meromorphic function on C with simple finite critical points Pi, . . . , and possibly with critical 
points at infinity. The real Hurwitz space has local coordinates {Ai, . . . , A^; Ai, . . . , A^} , where 
Aj = X{Pi) ■ The Darboux-Egoroff metrics on this space are written in terms of the Schiffer 
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r2(P, Q) and Bergman B{P, Q) kernels on a Riemann surface of genus 5 > 1 . These kernels are 
defined by jSj: 

9 

n{P, Q) = W{P, Q)-7rJ2 (ImB)r.ic^,(P)cu,(Q) , 

9 

BiP,Q) = vr ^ ilmM)r^u;,iP)'J~iQ) , 

where W{P,Q) = dpdQlogE{P,Q) is the canonical bidifferential of the second kind on C ; 
E{P, Q) is the prime form; are holomorphic differentials on C normalized with respect 

to a given canonical basis of cycles by <f^ ujj = 5ij ; and B is the symmetric matrix of their 
6-periods: Bjj = loj . 

The kernels can equivalently be characterized as follows [S]. The Schiffer kernel is the bidif- 
ferential with a singularity of the form {x[P) — x{Q))~'^dx{P)dx{Q) along the diagonal P = Q 
such that p.v.J f ^Q{P, Q) uj{P) = holds for any holomorphic differential oj on the surface. The 
Bergman kernel is a regular bidifferential on C holomorphic with respect to its first argument 
and antiholomorphic with respect to the second one. It is (up to a factor of 27ri) a kernel of an 
integral operator acting in the space -L2^ "'(£) of (l,0)-forms as an orthogonal projector onto the 
subspace W^'°'(vC) of holomorphic (l,0)-forms. In particular, for any holomorphic differential 
uj on the surface C the following relation holds: JJ^B{P,Q) uj{Q) = 2Triuj{P) . Both kernels, 
ri(P, Q) and B{P, Q) , are independent of the choice of a canonical basis of cycles {ofc, bk} ■ 

We consider the following family of metrics on the real Hurwitz space: 

L 2 L 2 

ds'' = J2(^fh{Q)n{Q,P,)^ {dXjf + J2(^fHQ)B{Q,Pj)^ {d\,f . (1.1) 

Here I is an arbitrary contour on the surface not passing through ramification points and such 
that its projection on the base of the covering does not depend on coordinates {A^; Aj}; h is an 
arbitrary function defined in a neighbourhood of the contour. The rotation coefficients (5ij of 
the metrics ()1.1() are given by the Schiffer and Bergman kernels evaluated at the ramification 
points of the covering with respect to the local parameters given by \{P) — \i '■ 

(3i, = n{Pi, Pj) , f3i- = B{Pi, P,) , = ft{P~P~) . 

As a consequence of Ranch variational formulas for the Schiffer and Bergman kernels, we have 
relations d\^j3ij = PikPkj for the rotation coefficients for distinct indices i,j,k from the set 
{m;m}^^]^ . These relations provide main conditions for the fiatness of metrics (|1.1|) . 

Some of the metrics (jl.l|) correspond to Frobenius structures on the Hurwitz space. We 
describe these structures and find their prepotentials and flat coordinates of the corresponding 
flat metric. A prepotential as a function of flat coordinates satisfies the WDVV system. 

Since for the surface of genus zero the Bergman kernel vanishes and the Schiffer kernel 
coincides with W{P, Q) , the metrics (|1.1|) and therefore the construction of Frobenius mani- 
folds suggested here is only new for a Hurwitz space in genus > 1 . For the Riemann sphere, 
our construction coincides with that of Dubrovin. For the simplest Hurwitz space in genus one, 
which has the real dimension 6, we compute explicitly prepotentials of three new Frobenius 
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manifolds. One of these prepotentials has the form: 



F = --htn - -htl + -tiU2U —) - -t^tQ - -U(t3 - J_!2^ 



32*6 I28mtl V^e/ 4t, 
4 1 ^5 .Y l-2vrit3 \ ^ (t3-2^)Mi 



32*6 1287ri ' V ^Trite J Atg 

where 7(//) = 4:d^logrj{fi) for 77 being the Dedekind ?7-function. The function F is quasihomo- 
geneous, i.e. it satisfies 

F{Kti, K^/^t2, *3, «^*4, K^'^^ts, ie) = K'^F{ti,t2,h,t4, h^t^) 

for any nonzero constant k . The matrix Fi formed by third derivatives Ft^atj is constant and 
invertible; it gives the flat metric (written in flat coordinates) from the family of metrics 
which corresponds to the Frobenius structure H1.2() . The functions 
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define an associative commutative algebra in the tangent space to the underlying Hurwitz space: 
dti • dt - = c^jdt^. ■ (This is equivalent |51 to the WDVV system for the function F.) 

Associated with any semisimple Frobenius manifold is the G-function, the solution to Get- 
zler's system of linear differential equations derived in P| within the study of recursion relations 
for the genus one Gromov-Witten invariants of smooth projective varieties. This system may 
be written for any semisimple Frobenius manifold. In IS| it was proven that, for an arbitrary 
semisimple Frobenius manifold, the Getzler system has a unique quasihomogeneous solution 
given by 

Here J is the Jacobian of the transformation between canonical and flat coordinates on the 
Frobenius manifold; Ti is the isomonodromic tau-function associated to the Frobenius manifold. 
For the Frobenius structures described here the ingredients of the formula (|1.3|) can be computed 
using results of papers |12l I13j . For example, the isomonodromic tau-function Ti of the new 
Frobenius manifolds is related to the isomonodromic tau-function of Dubrovin's Hurwitz 
Frobenius manifolds by the formula: 



Ti = |r°|^ (detImB)"5 



where B is the matrix of 6-periods of the underlying Riemann surface. The function Tj"^ coincides 
with an appropriately regularized ratio of the determinant of Laplacian on the Riemann surface 
and the surface volume in the sing ular metric jdAp , see dlin]. 

For the Frobenius manifold corresponding to the prepotential (|1.2|) . the G-function is ex- 
pressed in terms of the Dedekind eta-function as follows: 

O = - log {„ (I) , (i^) tf' } + cons. , 
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We hope that in the future the construction of a "real double" can be extended to arbitrary 
Frobenius manifolds. Presumably this extension can be done on the level of the Riemann- 
Hilbert problem associated with a Frobenius manifold. The most intriguing case would then be 
the Frobenius manifolds related to quantum cohomologies; we hope that their "real doubles" 
might find an interesting geometrical application. 

We notice that a class of solutions to the WDVV system related to real Hurwitz spaces was 
previously constructed in the work [7j. However, the full structure of a Frobenius manifold was 
not discussed in [Jj , and an explicit relationship of prepotentials of [Zj and solutions to WDVV 
equations constructed in this work remains unclear. 

The paper is organized as follows. In the next section we give definitions of the WDVV system 
and Frobenius manifold and discuss the one-to-one correspondence between them. In Section 

01 we describe the Hurwitz space we shall build Frobenius structures on, the VF-bidifferential 
and the Schiffer and Bergman kernels on a Riemann surface and introduce flat metrics on 
Hurwitz spaces in terms of the kernels. In Section^ we reformulate the structures of Frobenius 
manifolds on Hurwitz spaces introduced by Dubrovin in terms of the T^-bidifferential. Section 
13 contains the main result of the paper, the Frobenius structures on Hurwitz spaces considered 
as real manifolds. Section El is devoted to calculation of the G- function for the new Frobenius 
structures. In Section[71we consider the simplest Hurwitz space in genus one and present explicit 
expressions for prepotentials and G-functions of the corresponding Frobenius manifolds. 

2 Frobenius manifolds and WDVV equations 

The Witten - Dijkgraaf - E.Verlinde - H.Verlinde (WDVV) system looks as follows: 

FiF^^Fj = FjF^'Fi , i,j = l,...,n, 
where Fi is the n x n matrix 

d^F 



dPdt^dt"' ' 

and is a scalar function of n variables t^, . . . ,t" . In the theory of Frobenius manifolds one 
imposes the following two conditions on the function F : 

• Quasihomogeneity (up to a quadratic polynomial): for any nonzero k and some numbers 
ui, . . . ,Un,iyF 

FiK^H^, K^^e) = K^PFit^, . . . , t") + quadratic terms , (2.1) 

• Normalization: Fi is a constant nondegenerate matrix. 

The condition of quasihomogeneity can be rewritten in terms of the Euler vector field 

E:=Y^ Uaf^dtc (2.2) 
a 

as follows: 

LiCfiF = E{F) = ^ Vaf^dtc^F = VpF + quadratic terms . (2.3) 
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Definition 1 An algebra A over C is called a (commutative) Frobenius algebra if: 

• it is a commutative associative C-algebra with a unity e . 

• it is supplied with a C-bilinear symmetric nondegenerate inner product (•,•) having the 
property {x ■ y,z) = {x, y ■ z) for arbitrary vectors x, y, z from A . 

Definition 2 M is a Probenius manifold of the charge v if a structure of a Frobenius algebra 
smoothly depending on the point t £ M is specified on any tangent plane TfM such that 

Fl the inner product {■,■) is a flat metric on M (not necessarily positive definite). 

F2 the unit vector field e is covariantly constant with respect to the Levi-Civita connection V 

of the metric (•, •) , i.e. Vxe = for any vector field x on M . 
F3 the tensor (Vwc)(x, y,z) is symmetric in four vector fields x, y,z,w S TfM , where c is 

the following symmetric 3-tensor: c(x,y, z) = (x • y,z) . 

F4 there exists on M a vector field E (the Euler field) such that the following conditions hold 
for any vector fields x , y on M 

Vx(Vy^) = , (2.4) 

[i?,x-y]-[i?,x]-y-x-[i^,y] =x-y, (2.5) 

Lies(x, y) := S(x, y) - {[E, x], y) - (x, [E, y]) = (2 - z.)(x, y) . (2.6) 

The charge z/ of a Frobenius manifold is equal to Vp + 2> , where Vp is the quasihomogeneity 
coefficient from (|2.3(l . 

Theorem 1 (^S]) Any solution F{t) of the WDVV equations with v\ ^ ^ defined for t £ M 
determines on M a structure of a Frobenius manifold and vice versa. 

Proof (see |5J. Given a Frobenius manifold, denote by {t"} the flat coordinates of the metric 
(•, •) and by rj the constant matrix t/q,^ = {dfc, d^fs) . Due to the covariant constancy of the unit 
vector field e , we can by a linear change of coordinates put e = dt\ . In this coordinates, the 
condition F3 of Definition |21 implies the existence of a function F whose third derivatives give 
the 3-tensor c: 

d'^F 

c„^, = c(5,.,9,,,9,.) = ^^^^^^. 

The WDVV equations for the function F provide the associativity condition for the Frobenius 
algebra defined by relations dt^ ■ dfp = c^^dtt , where the structure constants c^^ are found 
from c^^ry^^ = Cq/j^ . The existence of the vector field E implies the quasihomogeneity of the 
function F . Indeed, requirements ()2.5I) . (|2.6() on the Euler vector field imply 

LieBc(a;, y, z) := E (c(x, y, z)) - c{[E, x],y, z) - c(x, [E, y],z) - c{x, y, [E, z]) 

= {3-u)c{x,y,z) . (2.7) 

The Lie derivative Lie^ commutes with the covariant derivative V as can easily be checked in 
flat coordinates when the Euler vector field (due to (|2.4|) ) has the form (|2.2|1 . Therefore, (|2.7j) 
implies Lie^F = (3 — i^)F + quadratic terms . 

The converse statement can be proven analogously. □ 

The function F , defined up to an addition of an arbitrary quadratic polynomial in t^, . . . , , 
is called the prepotential of the Frobenius manifold. 
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Definition 3 A Frobenius manifold M is called semisimple if the Probenius algebra in the 
tangent space at each point of M does not have nilpotents. 

In this paper we only consider semisimple Probenius structures. 

3 Kernels on Riemann surfaces and Darboux-Egoroff metrics 

3.1 Hurwitz spaces 

Hurwitz space is the moduli space of pairs {C, A) where £ is a compact Riemann surface of genus 
g and \ : JC ^ CP^ is a meromorphic function on £. of degree N . The pair {£., A) represents the 
surface as an iV-fold ramified covering jCx of CP^ defined by the equation 

C = A(P) , Pec 

is a coordinate on CP^). In this way the surface C can be viewed as a collection of N copies 
of CP^ which are glued together along branch cuts. Critical points Pj of the function A(P) 
correspond to ramification points of the covering. The projections Xj of ramification points on 
the base of the covering (CP^ with coordinate Q arc the images of critical points Pj of the 
function A(P) {Xj are called the branch points): X'{Pj) = 0; Xj = X{Pj) . 

We assume that all finite branch points {Xj \Xj < oo} are simple ( i.e. there are exactly 
two sheets glued together at the corresponding point) and denote their number by L . We also 
assume that the function A has m + 1 poles at the points of C denoted by oo", . . . , oo'"; the pole 
at oo* has the order + 1 .In terms of sheets of the covering, there are m + 1 points which 
project to C = oo on the base; the numbers {nj + 1} give the number of sheets glued at each of 
these points (no, . . . , G N are such that YliLo{''^i + 1) = ^ ■> they are called the ramification 
indices). 

The local parameter near a simple ramification point Pj G C (which is not a pole of A) is 
Xj{P) = iyA(Py^^Aj ; and in a neighbourhood P ~ oo' the local parameter Zi is given by 
ZiiP) = (A(P))-^/("*+^) . 

The Ricmann-Hurwitz formula connects the genus g of the surface, degree of the function 
A , the number L of simple finite branch points, and the ramification indices Ui over infinity: 

m 

2g-2 = -2N + L + ^ni . (3.1) 

i=0 

Two coverings are said to be equivalent if one can be obtained from the other by a per- 
mutation of sheets. The set of equivalence classes of described coverings will be denoted by 
M = Mg-no,...,n,n ■ We shall work with a covering M = Mg-no,...,nm of this space. A point of 
the space M is a triple {£, X, {ak,bkYk^i} , where is a canonical basis of cycles on 

C . The branch points Ai , . . . , A^ play the role of local coordinates on M , viewed as a complex 
manifold. 

3.2 Bidifferential W , Bergman and Schiffer kernels 

First, we summarize properties of three well-known symmetric bidifferentials on Riemann sur- 
faces. Being suitably evaluated at the ramification points {Pj} , these kernels will play the role 
of rotation coefficients of flat metrics on Hurwitz spaces. 
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The meromorphic bidifFerential W{P, Q) defined by 



W{P, Q) := dpdQ log E{P, Q) (3.2) 

is the symmetric differential on £ x £ with the second order pole at the diagonal P = Q with 
biresidue 1 and the properties: 

(f WiP,Q)=0; f W{P,Q) = 27riuJk{P); k = l,...,g. (3.3) 

Here {afc,^fc}^=i is the canonical basis of cycles on C ; {^kiP)Yk=i is the corresponding set 
of holomorphic differentials normalized by ujk = Ski and E{P, Q) is the prime form on the 
surface C . The dependence of the bidifFerential W on branch points of the Riemann surface is 
given by the Ranch variational formulas |1H II 5j : 

?}m91 = lw(P,P,mQ,P,), (3.4) 

where W{P,Pj) denotes the evaluation of the bidifFerential W{P,Q) at Q = Pj with respect to 
the standard local parameter Xj{Q) = ^ A(Q) — \j near the ramification point Pj : 

The bidifFerential W{P,Q) depends holomorphically on the branch points {Aj} in contrast to 
the following two bidifferentials jHJ. 

The Schiffer kernel r2(P, Q) is the symmetric differential on C x C defined by: 

9 

n{P, Q) := W{P, Q)-7tY^ {lmB)-^ojk{P)coi{Q) , (3.6) 

k,l=l 

where B is the symmetric matrix of f)-periods of holomorphic normalized differentials {wfc} : 
Mki = fhk^'' ' ^'^i^^ depends holomorphically on the branch points {Aj} . This kernel has the 
same singularity structure as the bidifFerential W , it depends on {Aj} due to the terms added 
to W , since ImB = (B — B)/(2i) and B is a Function oF {Aj}. For a surFace oF genus zero the 
Schiffer kernel coincides with W . 

The Bergman kernel B{P,Q) is defined by: 

a 

BiP, Q) = 7rY, (ImB)^/L^fc(P)c^KQ) • (3-7) 

k,l=l 

It vanishes for a surface of genus zero. 

An important property of the Schiffer and Bergman kernels is independence of the choice of 
a canonical basis of cycles {cLk,bk}^^i on the Riemann surface. This can be seen, for example, 
from the following definitions (see Fay pi) equivalent to 1)3. 6() and 1)3. 7() . 

The Schiffer kernel is the unique symmetric bidifferential with a singularity of the form 
{x{P) - x{Q))-'^dx{P)dx{Q) along P = Q and such that 

p.v.^ j n{P,Q)uj{P) = (3.8) 
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holds for any holomorphic differential uj . 

The Bergman kernel is (up to the multiplier 27ri) a kernel of an integral operator which acts 
in the space L2'^\C) of (l,0)-forms as an orthogonal projector onto the subspace 7i^^'°^{C) of 
holomorphic (l,0)-forms. In particular, the following holds for any holomorphic differential u 
on the surface C : 

^.jjB{P,QMQ)=Lo{P). (3.9) 
c 

For the Bergman kernel the independence of the choice of a canonical basis of cycles can also 
be seen directly from 1)3. 7(1 using (ImB)^; = |JJ'^a;fc(P)u;;(P) . 

The periods of Schiffer and Bergman kernels are related to each other as follows: 



n{P,Q) = -f B{P,Q) , f n{P,Q) = -f B{P,Q) (3.10) 

where the integrals are taken with respect to the first argument. Their derivatives with respect 
to branch points and their complex conjugates are given by: 

The notation here is analogous to that in (|3.5j) . i.e. i^{P, Pj) stands for {Q{P,Q)/dxj{Q)) \q=p^ 
and B{P,Pj) := (^B{P,Q)/dxj{Q)^ \q=Pj ■ To prove ()3.11|1 one uses the variational formulas 
(|3.4|) for W{P, Q) , and the following Ranch variational foumulas for holomorphic normalized 
differentials {loj.} and for the matrix of 6-periods |15j : 

= ImP,)W{P,P,) , ^ = mu;UPMiP,) - (3-12) 

where we write UkiPj) for {uJk{P) /dxj{P))\p=p_^ . Derivatives of LOk and IB with respect to {Xj} 
vanish. 

3.3 Darboux-Egoroff metrics 

Now we are in a position to introduce two families of Darboux-Egoroff (flat potential diago- 
nal) metrics on Hurwitz spaces written in terms of the described bidifferentials. Following the 
terminology of Dubrovin, we call a bilinear quadratic form a metric even if it is not positive 
definite. 

A diagonal metric ds^ = gii{d\i)^ is called potential if there exists a function U such that 
dxJJ = Qii for all i . A potential diagonal metric is flat (Riemann curvature tensor vanishes) if 
its rotation coefficients j3ij defined for i / j by 

:= (3.13) 

V 9jj 
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satisfy the system of equations: 



dx^:f3ij = PikPkj , i, J, A; are distinct, (3.14) 
Y^dxjij = for all Aj-. (3.15) 

k 

3.3.1 Darboux-EgorofT metrics in terms of the bidifferential W 

The following family of diagonal metrics (bilinear quadratic forms) on the Hurwitz space first 
appeared in JJj where it was realized that the corresponding rotation coefficients are given by 
the bidifferential W (see (|3.17|) ) and that the metrics are flat: 

= E (yj>h{Q)W{Q, P,)^ {d\,f . (3.16) 

Here / is an arbitrary smooth contour on the Riemann surface C such that Pj ^ I for any j , and 
its image A(/) in CP^ is independent of the branch points {Xj}', h{Q) is an arbitrary independent 
of {Xj} function defined in a neighbourhood of the contour / . 

Using variational formulas (|3.4|) . we find that rotation coefficients of the metric (|3.16|) are 
given by the bidifferential W{P, Q) evaluated at the ramification points of the surface C with 
respect to the standard local parameters xj = y^X — Xj near Pj : 

pij = ^W{Pi,Pj) , iJ = l,...,L, i^j. (3.17) 

Here W{Pi,Pj) , similarly to (jSISl), stands for {W{P,Q)/{dxi{P)dxj{Q))) \p=p.^Q=p^ . Note that 
rotation coefficients Pij ()3.17|) are symmetric with respect to indices, therefore the metrics (|3.16p 
are potential. The next proposition shows that they are Darboux-Egoroff metrics. 

Proposition 1 Rotation coefficients jg. i7| ) satisfy equations icl.l4\ ), icl.l5\) and therefore 
metrics i!J. 1 b]) are flat. 

Proof. Variational formulas 1)3. 4|) with P = Pi , Q = Pi^. , for different i,j,k imply relations 
()3.14|) for rotation coefficients 1)3. 17() . Equations ()3.15|) hold for the coefficients due to the 
invariance of W{P, Q) with respect to biholomorphic maps of the Riemann surface. Namely, 
consider the covering C\ obtained from Cx by a simultaneous (5-shift A — > X+6 on all sheets. The 
surface C is mapped by this transformation to jC^ so that the point P C goes to P^ G which 
belongs to the same sheet of the covering as P and is such that X{P^) = X{P) + 6 . Denote by 

the bidifferential W on the surface £^ . Since the transformation A A + 5 is biholomorphic, 
we have W^{P\Q^) = W{P,Q) . The same relation is true for W{P,Q)/{dxi{P)dxj{Q)) when 
points P and Q are in neighbourhoods of ramification points Pi and Pj , respectively: 

W\P\Q') _ W{P,Q) 



dxf{P^)dx^j{Q^) dxi{P)dxj{Q) ■ 

Note that Xi{P) = \J X{P) — Aj does not change under a simultaneous shift of all branch points 
and A . After the substitution P = Pi , Q = Pj in (|3.18)) the differentiation with respect to 6 
at (5 = gives the sum of derivatives with respect to branch points: Ylk=i'^>^k^i^i^ -^j) ~ *-* • 
Thus, the rotation coefficients (|3.17|1 satisfy also (|3.15|) . Therefore the metrics (|3.16|) are flat. □ 
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3.3.2 Darboux-Egoroff metrics in terms of Schiffer and Bergman kernels 



Now let us consider the Hurwitz space M as a real manifold, i.e. a manifold with a set of local 
coordinates formed by the branch points and their complex conjugates. As an analogue of the 
family of metrics ()3.16|) on the space of coverings M = Mg-no,...,nm with the local coordinates 
{Ai, . . . , Xl', Ai, . . . , Xl} we consider the following two families of metrics: 



= E l^fh{QMQ, P,)^ {dX,f + ^ {Jh{Q)B{Q, P,)^ {dX,f (3.19) 



j=i / j=i 



and 



2 



dsf = Re I ^ (^j>h{Q)VL{Q, Pj) + jh{Q)B{Q, Pj)^ {dXjf \ . (3.20) 



Here, as before, / is an arbitrary contour on the surface not passing through {Pj} and such 
that its image X{1) in C-plane is independent of branch points {Aj} ; /i is an arbitrary function 
independent of {Aj} defined in some neighbourhood of the contour. 

From variational formulas (|3.11() for the Schiffer and Bergman kernels we see that these met- 
rics are potential and their rotation coefficients are given by the kernels evaluated at ramification 
points of C : 

p,j = ^n{Pi,Pj) , Pij = ^B{Pi,P,) , % = A7- (3.21) 

Here i,j = 1, . . . ,L and the index j corresponds to differentiation with respect to Aj . Similarly 
to the notation in 1)3. 17(1 . we understand i}{Pi,Pj) and B{Pi,Pj) as follows: 



dxi{P)dxj{Q) 



p=p,,Q=p, dxi{P)dxj{Q) 



P=Pi, Q=Pj 



Remark 1 Note that rotation coefficients of the metrics (|3.19p . ()3.20|) are defined on the space 
Mg-no,...,nm ) contrast to rotation coefficients (|3.17|) . The coefficients (|3.17|) are given by 
the bidifferential W , which depends on the choice of a canonical basis of cycles {ai,bi} , and 
therefore are defined on the covering Mg-no,...,nm (see Section IXT]) . However, the metrics of the 
type (|3.19|) . (|3.20|) which will be used in Section |S1 still depend on the choice of cycles {oj,6j} 
through the choice of contours / . 

Proposition 2 Rotation coefficients \S.21]) satisfy equations \3.14\) , iS.lf^) and therefore met- 
rics ICTI) . H^TM) are fiat. 

The proof is analogous to that of Proposition^ Here 6 should be taken real, 5 E M . 
Note that in equations (|3.14j) . (|3.15|) i,j,k run through the set of all possible indices which 
in this case is {1, . . . , L; 1, . . . , L} , where we put A^ := A^ . 
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4 Dubrovin's Frobenius structures on Hurwitz spaces 

We start with a description of Dubrovin's construction |S] of Frobenius manifolds on the space 
M = Mg-nQ,...,nm using the bidifferential W{P, Q) . The branch points Ai, . . . , A^, are the local 
coordinates on M . 

To introduce a structure of a Frobenius algebra on the tangent space TtM for some point 
t G M we take coordinates Ai, . . . , Al to be canonical for multiplication, i.e we define 

dxr dx, = 6,,dx, . (4.1) 

Then, the unit vector field is given by 



L 

e = 

i=l 



E^A.. (4.2) 



For this multiplication law, the diagonal metrics H3.16() obviously have the property 
(x • y, z) = (x, y • z) required in the definition of a Frobenius algebra. Therefore together 
with the multiplication (|4.1j) the metrics (|3.16j) define a family of Frobenius algebras on TtM . 

Among the family of metrics ()3.16|) (and Frobenius algebras) we are going to isolate those 
corresponding to Frobenius manifolds. 

The Euler vector field has the following form in canonical coordinates [2]: 

L 

E = J2^idx,- (4-3) 

i=l 



4.1 Primary differentials 

As is easy to see, with the Euler field H4.3p . the multiplication H4.1|) satisfies requirement (|2.5() 
from F4. Condition (|2.6|) then reduces to 

Eadx,,dx,)) = -u{dx.,,dx.^). (4.4) 

The following proposition describes the metrics from family (|3.16|) which satisfy this condition. 

Proposition 3 Let the contour I in ici.lb}) be either a closed contour on C or a contour con- 
necting points CO* and oo^ for some i and j . In the latter case we regularize the integral by 
omitting its divergent part as a function of the corresponding local parameter near oo^ . Choose 
a function h{Q) in Ii3.16\) to be h{Q) = C \^{Q) (where C is a constant). Then the Euler vector 
field o,cts on metrics ici.lb}) according to i4.4\ ) with v = 1 — 2n . 

Proof. Let us again use the invariance of the bidifferential W under biholomorphic mappings 
of the Riemann surface C . Consider the mapping C\ — > C\ when the transformation A — > (l+e)A 
is performed on every sheet of the covering Cx . A point P of the surface is then mapped to the 
point P^ of the same sheet such that X{P^) = (1 + e)A(P) . If is the bidifferential W on Cx , 
then ^^{P^jQ^) = W{P,Q) . For the local parameter Xi = \/X — Xi in a neighbourhood of a 
ramification point Pi , we have dx^ = vT+~e dxi . A contour I of the specified type is invariant 
as a path of integration in (|3.16j) with respect to this transformation. Therefore we have 
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Putting P = Pj , we differentiate (|4.5() with respect to e at e = . This yields the action of the 
vector field E on the metric coefficient in the left-hand side and proves the proposition. □ 

Proposition 4 Rotation coefficients i3.17{ ) given by the hidifferential W satisfy E (Pij) = —Pij ■ 

Proof. This is a corollary of Proposition |31 and can be proven by a straightforward calculation 
using (|4.4j) and the definition of rotation coefficients (|3.13|) . Alternatively, it can be proven 
directly by the method used in the proof of Proposition |21 □ 

So far we have restricted the family of flat metrics to those of the form (|3.16j) with /i = C A" 
and the contour I being either closed or connecting points cxd* , cjo-' : 

ds'' = p^(^C<f^X^{Q)W{Q,Pj)^ {dX,f. (4.6) 

An additional restriction comes from F2, the requirement of covariant constancy of the unit 
vector field (|4.2j) with respect to the Levi-Civita connection. 

Lemma 1 If a diagonal metric ds^ = X^i ^-^ potential (i.e. dx^gjj = dx.gu holds) and 
its coefficients ga are annihilated by the unit vector field i4-^ i^ida) = 0); then the vector field 
e is covariantly constant with respect to the Levi-Civita connection of the metric ds^ . 

The proof is a simple calculation using the expression for the Christoffel symbols via coefficients 
of a diagonal metric: 

= , Tl, = , Tl^ = , = for distinct ^,J,k. (4.7) 

2 gkk ^ gu -^2 gu 

Thus, we need to find the metrics of the form (|4.6|) such that the unit vector field e annihilates 
their coefficients. These metrics can be written as 

^4 = E (/- ^) (dX.? ^ \ E <^\P.){dX.f , (4.8) 

where (/> is a differential of one of the five types listed below in Theorem [21 These differentials 
are called primary and all have the form ^{P^ = C §^ A"((5)VF(Q, P) with some specific choice 
of a contour I and function CA" . In other words, we shall consider five types of combinations 
of a contour and a function CW^ . Let us write these combinations in the form of operations of 
integration over the contour with the weight function. The operations, applied to a 1-form / , 
have the following form: 

1. It.. [/(Q)] := - res A(Q)^/(Q) i = 0, . . . , m ; a = 1, . . . , n, . 

2. I,.[/(Q)] := resA(Q)/(Q) i = l,...,m. 

3. I^.[/(Q)] :=v.p. / /(Q) i = l,...,m. 



4. I,.[/(Q)] :=- ^ A(Q)/(g) k=\,...,g. 

5. I^,[/(Q)]:=-1-^ /(Q) k=l,...,g. 

Here the principal value near infinity is defined by omitting the divergent part of the integral as 
a function of the local parameter Zi (such that A = z~"'~^) . 
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Theorem 2 Let us choose a point Pq E £ which is mapped to zero by the function A , i.e. 
A(Po) = , and let all basis contours {ak,bk} start at this point. Then, the defined operations 
1.-5. applied to the bidijjerential W give a set of L differentials, called primary, with the following 
.singularities (characteristic properties). By Zi we denote the local parameter near oo* such that 
A , Ui being the ramification index at oo* . 



-TLi-l 



1. 04.. (P) 

2. 0,.(P) 

3. (k^.{P) 



lt^■,4W{P,Q)] zr^-\P)dz,{P) , P ; i = 0,...,m; a = l,...,n, 

\r[W{P,Q)] ~ -(iA(P) , P ~ oo^ i = l,...,m. 

l^^[W{P,Q)]■. res(/>^i = l; res (/>^» = -1 ; i = l,...,m. 



oo' 



4. <j)^k{P) ■.= IAW{P,Q)]: cl)^k{P'"')-4>,k{P) = 2TTidX{P) ; k=l,...,g. 

5. 0gfc(P) := lgk[W{P, Q)] : holomorphic differential k = 1, . . . , g . 

Here (l)^k{P^'')—4>^k{P) denotes the transformation of the differential under analytic continuation 
along the cycle on the Riemann surface. 

All above differentials have zero a-periods except which satisfy: 4>gi = 5ki ■ 

Proof. Let us prove that 

</>,..(P) ~ , z-"-HP)dz,{P) . (4.9) 

It is easy to see that the differential cp^i-a (P) has a singularity only at P = oo* . Let us consider 
the expansion of the bidifferential W at Q ^ oo^ : 

W{P,Q) ~ W{P,oo')+W;2{P,^')z,{Q) + l-W"2{P,^')zf{Q) + .... (4.10) 

Since W{P, Q) ~ {{zi{P) - Zi{Q))-^ + 0(1)) dzi{P)dzi{Q) when P ~ Q ~ oo^ then we have for 
the (a — l)-th coefficient of the expansion 1)4.10(1 

1 dZi(P) 



^W"i"'>{P,oo 



which proves (|4.9|1 . The case a = Ui + l proves 4>yi{P) ~ —dX{P) . 

P~oo» 

For the differentials (p^^i the theorem can be proven analogously. 

The differential (pj.k (P) is not defined at the points of the contour , however it has certain 
limits as P approaches the contour from different sides; thus (/)^fe(P) is defined and single valued 
on the fundamental polygon C of the surface. (The fundamental polygon C is obtained by 
cutting the surface along all basis cycles and bk provided they all start at one point.) Let us 
denote dq^^{P) := (f)^k{P^^) — (/)j.k{P) (as we shall see below, dg^ is indeed an exact differential) 
and consider the differential <j3j.k (P) Jp^ lo^ i^k is one of the normalized holomorphic differentials 
such that £j. Wfc = Sjk). This differential has no poles inside C . Therefore its integral over the 

boundary of C equals zero. On the other hand, since the boundary dC consists of cycles {aj} 
and {bj} the integral can be rewritten via periods of the differentials as follows: 

(p^kiP) f uJk= (f (l),.k-^(l (t),.kMjk + ^ (f qiujk (4.11) 

dC J Pq Jbic j J aj j J aj 
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(Mjk = u>k)- Due to the choice of the point Pq where ah basis cycles start, we can change the 
order of integration in expressions X{Q)W{P,Q) as can be checked by a local (near the 

point Pq) calculation of the integral. Therefore we have 

J) (t)^k{P) = for ah j and * 0r.fc(-P) = -2m j> X{Q)ujk{Q) ■ 
Then, the relation (|4.1ip takes the form 



= -2m i \{Q)u:k{Q) + / , 

Jak ^ J aj 



and we conclude that qliQ) = 2TTiX{Q)5jk ■ 

For differentials (j)gk the statement of the theorem follows from properties H3.3|) of the bidif- 
ferential W . For all primary differentials (except 4>gk) a-periods are zero since they are zero for 
W . □ 

4.2 Flat coordinates 

For a flat metric there exists a set of coordinates in which coefficients of the metric are constant. 
These coordinates are called the flat coordinates of the metric. In flat coordinates the Christoffel 
symbols vanish and the covariant derivative V^a is the usual partial derivative d^A . Therefore 
flat coordinates can be found from the equation VxVyt = (x and y are arbitrary vector fields 
on the manifold). In canonical coordinates this equation has the form: 

dx.dx,t = Y,^'l^dx,t, (4.12) 

k 

where the Christoffel symbols are given by (|4.7p . For different k , the Christoffel symbols of 
the metrics ds^ (|4.8() have the form: 

■pfc _ _fD 4>{Pi) r* — - r* — R HPj) — n 

Theorem 3 (^]) The following functions give a set of flat coordinates of the metric ds^ i4-^ -' 
f,a_ _ _|_ [(^] i = 0, . . . ,m ; a = I, . . . ,ni 

= — I^i i = l,...,m 

w'' = — i = I, . . . ,m 

r^=I,fe[0] k = l,...,g 

s'' = IA(I)] k = l,...,g . 

Non-zero entries of the constant matrix of the metric in these coordinates are: 

ds'^{dp;c,dp;i3) = —Sij6a+I3,ni+1 , 

rii -\- 1 

ds^{d^k,dgi) = -6m ■ 
14 



For notational convenience we denote an arbitrary flat coordinate by , and a primary differ- 
ential by (p^A , i.e. 



^ . ^yji ■ \i = 0, . . . ,m ; a = I, . . . ,ni ■,k = 1, . . . ,g} . 



Proposition 5 In flat coordinates {t"^} of the metric ds^ , the Euler vector field {-j.cli^ has the 
form \2. gj) with coefficients {va} depending on the choice of a primary differential cf) : 

• if (j) = 4)t^o;a then 

m rii , K m ^ x 

+ E f ^T^'5.'= + (1 + ^t)^'5,. 
\ n,- +1 re,- + 1 

• if (p = (j)^io or (f) = (j)j.ko then 

m rii m g 



i=0 a=l i=l fc=l 

if (p = 4>^^io or <j) = (pgko then 

m rii m g 



Proposition 6 ('see fB]) The unit vector field e j^.i^ ^ in ^/le /Za^ coordinates of the metric ds^ ^ 
/las i/ie form: e = —O^Aq . 

Thus, the coordinate is naturally marked. Let us denote it by t^ so that e = —d^i . 
In flat coordinates the ChristofFel symbols of the Levi-Civita connection vanish. Therefore 
the proposition implies that the unit vector field is covariantly constant (F2). 

4.3 Prepotentials of Probenius structures 

Definition 4 A prepotential of a Frobenius manifold is a function F of flat coordinates of 
the corresponding metric such that its third derivatives are given by the symmetric 3-tensor c 
from the definition of a Frobenius manifold (F3): 



dtAdtBdtc 



c{dtA,dtB,dtc) = ds JdtA ■ dtB,dtc) . (4.13) 



By presenting this function (defined up to a quadratic polynomial in flat coordinates) for 
each metric ds^ we shall prove the symmetry in four indices (a, b, c, d) of the tensor 
{VQ^^c){dfA,d^B,d^c) and therefore complete the construction of the Frobenius manifold. 

We shall denote the Frobenius manifold corresponding to the metric ds^ by M"^ = Mg-no,...,nm 
and its prepotential by . 
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Remark 2 Proposition El implies that the third order derivatives ()4.13|) are constant if one of the 
derivatives is taken with respect to the coordinate 

Before writing a formula for the prepotential we shall define a pairing of differentials. Let uj^'^^ 
and a;*-^^ be two differentials on the surface C holomorphic outside of the points oo^, . . . , cxd"^ 
with the following behaviour at oo* : 



E c'^jz-dz, + rft^ A" log A V P ~ oo' , (4.14) 

=-„(t>) * \n>0 / 



where n^"^ G Z and c~"\ , r^^\ are some coefficients; Zi = Zi{P) is a local parameter near cxd* . 
Denote also for A; = 1, . . . , g : 

" = , (4.15) 



^{")(P«.) _ J-)(P)= 4")(A(P)) , p(")(A)= Y^pilh^ , (4.16) 

s>0 

^(")(P^.) _ ^W(P)= dgi")(A(P)) , g(")(A)= 5^gi?A^ . (4.17) 

Here, as before, uj{P"''=) and uj{P^*') denote the analytic continuation uj{P) along the corre- 
sponding cycle on the Riemann surface. 

Note that if uj^"^ is one of the primary differentials (defined in Theorem I^J, then the coeffi- 
cients Cn^i, Vsk-, Qsk and Af^ do not depend on coordinates. 

Definition 5 For two differentials whose singularity structures are given by i4-M\ ) - i4-l'^ 
define a pairing , ] as follows: 



^M"),c.(^)]=5:K:^c(f]+cLtv.p./ .(/^)-v.p./ 2:ri:)AV/^) 



i=0 \n>0 ' ''^0 ^0 ra>0 

where Pq is a marked point on the surface such that A(Po) = . 

For any primary differential (f) we consider a (multivalued on C) function p : 

p{P) = v.p. / cP . (4.18) 

One can see that singularities of the differential pdX can be described by formulas similar to 
()4.14|) - (|4.17() . The corresponding coefficients Cn,i, r^^i, Psk, Qsk and Ak for a; = pdX depend on 
coordinates {A^} in contrast to those for primary differentials. 
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Theorem 4 (^1) The following function gives a prepotential of the Frobenius manifold M'f' : 

^0 = , pdX] , (4.19) 

where p is the multivalued function \4-l^ - third derivatives of are given by 

d^F^it) ra a a ^ cl)tA cl)tB (ptC 

- c{dtA ,dtB,dtc) = -2_^ res 



dtAdtBdtc ^ t ' « ' t ^ ^ dpdX 



1 ^ 



(4.20) 



2 ^ 0(P.) 



Theorem 5 (^) The second derivatives of the prepotential F^ are given by the pairing of the 
corresponding primary differentials: 

dtAdtBF^ = J='[(l)tA , (t>tB] . 

For the described Frobenius manifold Af^ , the prepotential 1)4. 19() is a quasihomogenous 
function of flat coordinates {t^} of the metric ds^ , i.e. the following holds for some numbers 
{z^a} and I'p and any non-zero constant k : 

F^i^K^H^, K^^t"^) = K^'^F^it^, . . . , t") + quadratic terms . 

This follows from the existence of the Euler vector field satisfying (|2.4jl - (|2.6|) (see the proof of 
Theorem ^ . 

The coefficients of quasihomogeneity {i'a} are coefficients of the Euler vector field written in 
flat coordinates (see (|2.1|) - (|2.!'{|) ): they are given by Proposition The coefficient Up = 3 — v 
can be computed for each Frobenius structure M'^ using Proposition |31 

if (/) = <j)ii;a , then u = 1 — Up = h 2 

Ui + l rii + 1 

if (j) = or (/) = (j)^k , then u = —1 Up = 4 

if (h = or 6 = (j)„k , then u = 1 Up = 2 . 



Remark 3 A linear combination of primary differentials corresponding to the same charge v also 
gives a Frobenius structure. Namely, the above construction works for 

m g m g 

= ^ i^i4>v^ + o-fc(/)^fc and = i^i4>uj^ + o-fc'/'sfc > 

i=l k=l 1=1 k=l 

with any constants {kj} and {(Ta,.} . The unit vector field in these cases, respectively, is given by 




After a linear change of variables, the unit field can be written as e = —d^i for a new variable , 
since the coordinates {v^} and {r^} ({w*} and {s^}) have equal quasihomogeneity coefficients. 
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5 "Real doubles" of Dubrovin's Frobenius structures on 
Hurwitz spaces 

In this section we consider the moduh space M = Mg-no,...,nm a real manifold. The set of local 
coordinates is given by the set of branch points of the covering Cx and their complex conjugates: 
{Ai, . . . , ; Ai, . . . , Xl} . On the space M with coordinates {A^; Aj} we shall build a Frobenius 
structure in a way analogous to the one described in Section ^ The construction will be based 
on a family of flat metrics on M({Aj;Aj}) of the type ()3.19|) . ()3.2U|) with rotation coefficients 
given by the Schiffer and Bergman kernels. Since in genus zero the Schiffer kernel coincides with 
the bidifferential W and the Bergman kernel vanishes, we only get essentially new metrics (and 
therefore new Frobenius structures) for Hurwitz spaces in genus greater than zero. 

We start with a description of a Frobenius algebra in the tangent space. The coordinates 
{Ai, . . . , Xl ; Ai, . . . , Xl} are taken to be canonical for multiplication: 

dx, • = 6ijdx, , (5.1) 

where indices i,j range now in the set of all indices, i.e. i,j G {1, . . . , L; 1, . . . , L} , and we put 
Aj := Aj . The unit vector field of the algebra is given by 

L 

e = Y,{dx^+d-xJ. (5.2) 

i=l 

The role of an inner product of the Frobenius algebra is played by one of the metrics ()3.19() . 
(|3.2fl|l . The new vector field E , analogously, is 

L 

E■.= Y,{>^^^x. + ~^^^-xJ ■ (5.3) 

i=l 

5.1 Primary differentials 

Together with the multiplication 1)5. If) , the Euler field H5.3|) satisfies relation 1)2. 5(1 of F4. Its 
action (|2.6j> on a diagonal metric takes the form: 

E{{dx„dx,)) = -i^{dx„dx,) , A; e {1, . . . , L; 1, . . . , Z} . (5.4) 

Among the metrics (|3.19j) . (|.S.20|) we choose, similarly to Proposition |31 those for which this 
condition holds. 

Proposition 7 Let the contour I in i'j.iy\) . h'j.2U\) he either closed or connecting points oo^ and 
oo^ for some i, j . In the latter case we regularize the integral by omitting its divergent part as 
a function of the local parameter Zi (or as a function of Zi) near oo* . Then the metrics h'-i.iy\) . 
\3.2U\) with h{Q) = CX^{Q) (where C is a constant) satisfy \5.4\ l with u = l — 2n and the Euler 
field rO) . 

Proof. The proof is the same as for Proposition |21 we use the fact that Bergman and Schiffer 
kernels are invariant under biholomorphic mappings of the Riemann surface. The biholomorphic 
map to be taken in this case is A — > (1 + e)A , where e is real. □ 
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Proposition 8 Rotation coefficients \S.21)) given by the Schiffer and Bergman kernels satisfy 
E {f3ij) = , i, j £ {1, . . . , L;l, . . . , L} , where the Euler field E is given by i5.'-S\) . 

Proof. This statement is a corollary of Proposition [3 it can also be proven directly by using 
the invariance of the kernels under the mapping of Riemann surfaces C\ C\ , A — > (1 + e)A , 
for e G M . □ 

Among the metrics ds^ = ^. [gu^dXif + gnidXif) of the form (jTT!l . with h = CA" 

and a contour / of the type required in Proposition [3 only those ones correspond to Frobenius 
manifolds whose coefficients satisfy e{gii) = e{gjf) = ( e is the unit vector field H5.2|) '). This 
follows from F2 and Lemma^ which is obviously valid for the unit vector field (|5.2j) and diagonal 
potential metrics (jS^SJj (|»"i.2()j) . Therefore we need to find the combinations of a contour I and a 
function h = CX^ such that formulas ()3.19() . I|3.20() give metrics whose coefficients are annihilated 
by the vector field e . We list those combinations in the form of operations I[/((5)] = CX"f{Q) 
applied to a differential / of the form / = /(i_o) + /(o,i) • We say that a differential is of the (1, 0)- 
type if in a local coordinate z it can be represented as /(i_o) = fi{z)dz , and is of the (0, l)-type 
if in a local coordinate it has a form /(o,i) = f2{z)dz . We shall also call /(i,o) and /(o,i) the 
holomorphic and antiholomorphic parts of a differential / , respectively. We denote by res the 
coefficient in front of dz/z in the Laurent expansion of a differential. As before, Zi is the local 
parameter in a neighbourhood of oo* such that z~^'~^{Q) = X{Q) , Q ~ cxd* . 
For i = 0, . . . ,m; a = 1, . . . , we define: 

1. lp;4fm ■■= - res ^r(Q)/,i.o)(Q) 2. l,-[fm := - res zr^{Q)f,,^,,{Q) 
3. I,. [f{Q)] := res A(Q)/(,,o) (Q) 4. 1^, [f{Q)] := res A(Q)/(o,i) (Q) ■ 

For i = 1, . . . , m we define: 

5. i^.um ■■= v.p. / /(i,o)(Q) 6. i^,[fm ■■= v.p. / /(o,i)(Q) • 

JooO JoqO 

As before, the principal value near infinity is defined by omitting the divergent part of an integral 
clS cl function of the corresponding local parameter. 
For k = 1, . . . , g we define: 



7. ■.= -f A(Q)/(,,o)(Q) - f A(Q)/(o,i)(Q) 

8. lAfm ■■= i HQ)fim{Q)+f A(Q)/(o,i)(Q) 

9. lAfm ■■=^il /a.o)(Q) 

10. lAfm ■■=-^ i fimiQ)- 

2vri J^fc 

Applying these operations to the sum of Schiffer and Bergman kernels, we shall obtain a set 
of primary differentials $ , each of which gives a Darboux-Egoroff metric and a corresponding 
Frobenius structure. These differentials, listed below, decompose into a sum of holomorphic 
and antiholomorphic parts. The a-periods vanish for all primary differentials except for the 
differentials labeled by the index ; the 5-periods do not vanish only for the differentials 
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having the index . This normahzation and a given type of singularity characterize a primary 
differential completely due to the following lemma. 

Lemma 2 If a single valued differential on a Riemann surface of the form w = w^i^^^ + W(o,i) 
has zero a- and b-periods and its parts u;(i,o) cind w^o.i) o,f^ everywhere analytic with respect to 
local parameters z and z , respectively, then the differential w is zero. 

Proof. Since the holomorphic and antiholomorphic parts of the differential must be regular 
and single valued on the surface, we can write w in the form: w = Ylk=i ^k^k + X]fc=i f^k^ , 
where {tOi} are holomorphic normalized differentials. The vanishing of a-periods gives = —Pk 
and vanishing of 6-periods implies that all at should be zero. □ 

We list primary differentials together with their characteristic properties. A proof that the 
differentials have the given properties is essentially contained in the proof of Theorem [21 

Let us fix a point Pq on C such that A(Po) = , and let all the basic cycles {a^, ^fc}fc=i on 
the surface start at this point. This enables us to change the order of integration in expressions 
of the type X{P)Q{P,Q) (this can be checked by a local calculation of the integral near 

the point Pq) and compute a- and 6-periods of the following primary differentials. 

For i = 0, . . . ,m ] a = 1, . . . , : 

1. = Ij,;. [n{P,Q) + B{P,Q)] ~ (zr°-i + Oil))dzi + 0{l)dz, , P ~ ooV 

2. <^-{P) = '^MP) ■ 

For i = 1, . . . ,m : 

3. <l>^^ (P) = I^. [n{P, Q) + B{P, Q)] ~ - dA + 0(1) {dzi + dzi) , P ~ ooV 

4. <1.,,(P)=^~(P). 

5. «>^.(P) = I^, [niP, Q) + B{P, Q)] ; res = 1 ; res = -1 . 



6. <i>^^(P) = $^.(P). 

For k = 1, . . . , g : 

7. $,,fc(P) = I,fe [2Re{0(P,Q) +P(P,Q)}] ; $^fe(P^'=) - $^fc(P) = 27ridX - 2TTid\ . 

8. ^>„fc(P) =I„fc [2Re{Jl(P,Q) +P(P,Q)}] ; ^^kiP"") - ^^k{P) = 2TTidX - 27ridX . 

9. ^^fc(P) = I^fc [niP, Q) + P(P, Q)] ; no singularities. 

10. ^tfc(P) = Ijfc [niP, Q) + P(P, Q)] ; no singularities. 

Here, as before, A = A(P) and Zj = Zi{P) is the local parameter at P ~ oo* such that A = ^"""'"^ . 

Note that due to properties ()3.1U|) of the Schiffer and Bergman kernels and the choice of the 
point Pq (see the proof of Theorem [2j, only the primary differentials of the last two types have 
non-zero a- and 6-periods. Let us denote an arbitrary differential from the list by <I>^a ; then 
the following holds: 



be 



{6 is the Kronecker symbol). The number of primary differentials is 2L by virtue of the Riemann- 
Hurwitz formula (|3.1j> . 
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Each of the primary differentials $ defines a metric of the type p.l9() . H3.2U() by the formula: 

L L 
= - 5] ^l,,iP.)idKf + ^l,,,iP^){d~X^f , (5.5) 

1=1 1=1 

where $(i,o) and '&(o,i) are, respectively, the holomorphic and antiholomorphic parts of the dif- 
ferential $ . The evaluation of differentials at a ramification point Pi is done with respect to the 
standard local parameter Xi = — Aj , i.e. $(i^o)(Pj) = {^(^i^o^{P) /dxi{P)) \p=p^ ■ As is easy to 
see, metrics of the type (|3.2Up correspond to differentials ^ = and $ = ^^.k . 

Proposition 9 Primary differentials satisfy the following relations: 

e($(i,o)(P.)) = 0, e($(o,i)(^.)) = 0, (5.6) 

for any ramification point Pi . 

The proposition implies that the unit vector field e (|5.2() annihilates coefficients of the metric 

Proof. Consider the covering Cx obtained from C\ by a (5-shift of the points of every sheet, 
choosing 5 € M ; this shift maps the point P of the surface to the point P^ which belongs to 
the same sheet and for which A(P^) = A(P) + 6 . Denote by and the corresponding 
kernels on Cx . They are invariant with respect to biholomorphic mappings of the Riemann 
surface, i.e. Q^{P^,Q^) = Q{P,Q) , and B\P\Q^) = B{P,Q) . The local parameters near 
ramification points also do not change: Xi{P) = xf{P) = ^ A(P) — Ai . Therefore for differentials 
, , $^fc , and ^>(fc , the statement of proposition follows immediately from this invariance. 
For them we have, for example, 

Differentiation of these equalities with respect to (5 at (5 = gives the action of the unit vector 
field e (|5.2() on the differential in the left and zero in the right side. 

Consider now the differential $(P) = - £^ A(Q)17(P, (3)-£^ \{Q)B{P, Q) , which is related 

to the differential as follows: ^j.k{P) = 2Re{4>(P)} . On the shifted covering Cx we have 
^\Pl) = -l x{q')^'{p!,q') - I ~X{Q')B\P^,Q^) 

Jal Jal 

= -i (A(Q) + 5)a{Pi, Q)- i (A(Q) + 5)B{P,,Q) . (5.7) 

Differentiating both sides of this equality with respect to J at (5 = and using the property 
()3.1U|) of the Schiffer and Bergman kernels, we prove formulas ()5.6() for the differentials the 
proof for <I>„fe is analogous. 

To prove (|5.6jl for the remaining differentials consider the local parameter Zj near infinity 
oo* ; under the 5-shift it transforms as follows: 

zrip') = im + 5)^ = zrip) + ^(z.(p))-"+"»+i5 + o{6') . 

Therefore ^fi;a{Pj) on the covering Cx is given by 

c^^,.(^^') = ^res(zr-(P) + ^(z,(P))-+"-+i5 + 0(<52)') {Q{P, P^) + B {P, Pj)) . 
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Differentiating both sides with respect to 5 at 5 = , we get 



Hi -\- I oo' 

e (cI>,,;.,„,,,(P,.)) = -±- res (z,(P))-"+">+ii?(P, P,) . 

The right sides are zero for non-negative powers of Zi , i.e. for a = 1, . . . , rij + 1 . This proves 
the statement of the proposition for differentials and ( a = + 1 corresponds up to a 
constant to the case of differential ). □ 

Remark 4 This calculation also shows that differentials <I>ji;a for i = 0, . . . ,m ; a = 1, . . . , n, and 
for i = 1, . . . ,m give the full set of primary differentials of the type CA"(r2(P, Q)+B{P, Q)) 

for / being a small contour encircling one of the infinities. 

Note that we cannot consider <I>j,o(P) as an independent differential due to the relation 

^[^Q<I>^i(P) = — (m + l)dX{P) , where dX{P) = dd^ is a differential on CP^ , the base of the 

covering. 

Thus, we have constructed 2L differentials (see the Riemann-Hurwitz formula (|3.H) ): each 
of them gives by formula (|5.5() a Darboux-Egoroff metric which satisfies F2 (Ve = 0), and on 
which the Euler field acts according to (|2.6j) from F4. 

Our next goal is to find a set of flat coordinates for each of the metrics (|5.5j) . 



5.2 Flat coordinates 

Let us write the Christoffel symbols of the metric ds^ (|5.5j) in terms of the corresponding primary 
differential $ . We shall use the following lemma which can be proven by a simple calculation 
using the definition of primary differentials and variational formulas 1)3. for the Schiffer and 
Bergman kernels. 

Lemma 3 The derivatives of primary differentials with respect to canonical coordinates are 
given by 

= 2 V(i,o)(^fc) {^{P,Pk) + B{P,Pk)) (5.8) 
5^4 (P) 1 



dXk ^'^iA,,r,iPk)[B{P,Pk)+niP,Pk)) . (5.9) 

Then non-vanishing Christoffel symbols of the metric ds^ can be expressed as follows in terms 
of the primary differential $ and rotation coefficients Pij 1)3.21(1 : 



_ q _ ^(o,i)(-Pfc) _ pj 

Note that in the last formula, the index of summation / runs through the set {1, . . . , L; 1, . . . , L} . 



pi _ o ^(0,i){-t-^k) _ pj . pi __Sr-yj (.-in) 
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Flat coordinates can be found from the system of differential equation (|4.12|) . Due to formulas 
this system can be rewritten as follows: 

dxMx,t = r^.^dx^t + r';kdx,t, j^A;e{i,...,L,i,...,L} (5.11) 

e{t) = const . (5.12) 

Substituting expressions (|5.1U|) for Christoffel symbols into system (|5.11() and using Lemma 
131 one proves the next theorem by a straightforward computation. 

Theorem 6 The following functions (and their linear combinations) satisfy system l\5.11}) : 

ti = I /ii(A(P))$(i.o)(P) and t2 = I /i2(A(P))$(o.i)(P) , (5.13) 
Jh Jh 

where l\ , I2 are two arbitrary contours on the surface C which do not pass through ramification 
points and are such that their images \{h) and X^h) in Q-plane do not depend on {A^; A^} ; 
arbitrary functions hi , /12 are defined in some neighbourhoods of li and I2 , respectively, and 
are also independent of the coordinates {Xk',Xk} ■ The integration is regularized by omitting the 
divergent part where needed. 

Among solutions ()5.13|) we need to isolate those which satisfy equation (|5.12|) . the second 
part of the system identifying flat coordinates. The operations I^a applied to the differential 
<I>(P) give functions of the form (|5.13|) . and it turns out that flat coordinates can be obtained 
in this way. Namely, the following theorem holds. 

Theorem 7 Let Pq be a marked point on C such that X{Pq) = . Let all the basic cycles 
{flfc)^fc}f=i start at the point Pq . Then the following functions give a set of flat coordinates of 
the metric ds| H5.5\} . 

For i = 0, . . . ,m ; a = 1, . . . , : 

f''^ := -in. + 1)I,,,„^_„ [^>] = -^^^^ res ^^>(,o, ; 

Cx II/') X 



00' 



-im + 1)1 _ m = ^!l±i_ res C'"'^'^(o,i) • 



For i = 


l,...,m : 








v' := - 








w' := - 


For k = 


--l,...,g : 


r^: 


= iA^] = 




= i^k [$] = 



^(1.0) ; v' := = -v.p. / $(0,1) ; 

= - res A$(i,o) ; := -I^j[$] = - res A${o,i) . 



2.^L -'■■=-^A^] -^(.o); 



i (A$(i,o) + A^>(o,i)) ; t^ := -I„fc[<I>] = - f (A${i,o) + X^(o,i)) ■ 



As before, we use the notation res/ := res/ . 

Let us denote the flat coordinates by , i.e. we assume 

g ■ v\ v"^ , w\ v? ; r^ , , s^ , t^] 

for i = 0, . . . ,m , a = 1, . . . ,ni ; k = 1, . . . , g ( except v^, and w^, , which do not exist). 
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Proof. Theorem |H1 implies that these functions satisfy equations (|5.11() . The remaining 
equations (|5.12|) . e(^'*) = const , can be proven by the same reasoning as in the proof of 
Proposition 1^ □ 

Note that the action of the unit vector field e (j5.2j) on a coordinate ^'^ is non-zero if and only 
if the type of the coordinate coincides with the type of the primary differential which defines the 
metric. I.e. for the metric ds^ with $ = ^^Aq the coordinate is naturally marked and we 
shall denote it by . One can prove that, for any choice of ^> , the corresponding coordinate 
is such that relations e(^^) = —1 and e(^'*) = hold for 7^ . Therefore we have e = —d^i 
(see also Proposition [W\ below) . 

Remark 5 By virtue of the Riemann-Hurwitz formula (see Section [3. the number of functions 
listed in the theorem equals 2L , i.e. coincides with the number of canonical coordinates {Aj; Aj}. 

The next theorem gives an expression for the metric ds| in coordinates {^^} and by that 
shows again that functions {^"^ ({A/t; Afc})} are independent and play the role of flat coordinates 
of the metric. 

Theorem 8 In coordinates i^,"^} from Theorem^ the metric ds| l\5.5}} is given by a constant 
matrix whose non-zero entries are the following: 

ds| {dt,;c,dtr,p) = dsl {d^—,d^) = -^5ij(5„+/3,„,+i , 

ds| {^r^,^sJ) = -Sij , 
ds| {^^^,^p) = . 

We shall prove this theorem later, after introducing a pairing of differentials (|5.24j) . 

To further investigate properties of the flat coordinates let us choose one of the primary 
differentials $ and build a multivalued differential on the surface C as follows: 

^{P) = fv.p. / $(1,0)^ dX + f v.p. / $(0,1)) d~X . (5.14) 

V JooO J V JooO / 

This differential will play a role similar to the role of the differential pdX in the construction 
of Dubrovin (see formula ()4.19|) for prepotential). Note that ^{P) decomposes into a sum of 
holomorphic and antiholomorphic differentials: ^ = ^'(i.o) + ^(o,i) • 

Theorem 9 The derivatives of the multivalued differential ^ i5.14\ ) with respect to fiat coordi- 
nates {^^} are given by the corresponding primary differentials: 

Proof. Consider an expansion of the differential ^' in a neighbourhood of one of the infinities 
CO* on the surface. We omit the singular part which does not depend on coordinates. As 
before, Zj is a local coordinate in a neighbourhood of the i-th infinity, rij is the corresponding 
ramification index. For i 7^ we have 




^(P) = singular part + ( v'{ni + l)zr'''-^ + V f '"zr"-i + w'z^^ + 0(1) 

(ui + l)z-"'~' + J2 + + ] dZi . (5.15) 
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We see that the expansion coefficients of the singular part are exactly the flat coordinates 
of the metric ds^ . The coordinates t^''^, a = 1, . . . ,no appear similarly in expansion at the 
infinity oo'^ . The remaining coordinates correspond to other characteristics of the multivalued 
differential ^ . Namely, we have 

J) ^ = s^ , I ^ = t'' ] (5.16) 

J ak Jbk 



^(P-Jfc) _ ^(p) = 27riu^dA - 2TTiu''dX + S^^ + ^ {2md\ - 2mdX) , (5.17) 
^(pf-fc) _ ^(p) = 2mr^d\ - 27rir''dX + 6^_^^^dX + (5*,*^, {2TTidX - 2mdX) , (5.18) 

where vi/(p'^fe) ^ \I/(P^fc) stand for the analytic continuation of ^{P) along the corresponding 
cycles of the Riemann surface. 

This parameterization of the differential by the flat coordinates, together with Lemma El 
proves the theorem. □ 

As a corollary we get the following lemma. 

Lemma 4 The derivatives of canonical coordinates {A, ; Aj} with respect to flat coordinates {^'^j 
of the metric ds| are as follows 

dXj _ V(i,o)(^») dXj _ V(o,i)(i^») 

d^^ $(1.0) (Pi) ' ${o.i)(P^) ' 

where ^{P) is the primary differential which defines the metric ds| . 

Proof. Theorem 1^1 implies the following relations: 

I (^j ^ $(1,0)^ dX^ = $^A(i,o) , I ^ $(0,1)^ dxj = $^A(o.i) . (5.19) 

(The divergent terms which we omit by taking the principal value of the integrals in a neigh- 
bourhood of oo" do not depend on {^'^j .) We shall use the so-called thermodynamical identity 

da{fdg)g=const = -da{gdf) f=const (5.20) 

for / being a function of another function g and some parameters {pa} , i-e. / = f{g',Pi, ■ ■ ■ ,Pn) , 
where g can be expressed locally as a function of / , i.e. g = g{f;pi, ■ ■ ■ ,Pn) ; 9a denotes the 
derivative with respect to one of the parameters p = {pa} ■ Relation (|5.2U|) can be proven 
by differentiation of the identity f{g{f',p)',p) = / with respect to a parameter p^ , which gives 
dagdf /dg+daf = . We use the thermodynamical identity ()5.2U|1 for functions f{P) = f^o ^(i,o) 
and g{P) = X{P) to get 




= -%{A(P)}cI>,,,„)(P), 



and similarly, 

d^A I j $(0,1) I dA = -d^A { A(P) } (P) . 

Evaluating these relations at the critical points P = Pi , using that A'(Pj) = and equalities 
(|5.19|1 . we prove the lemma. □ 
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Proposition 10 The unit vector field \5.'J\) is a tangent vector field in the direction of one of 
the flat coordinates. Namely, in flat coordinates of the metric ds^ 115. 5\) corresponding to the 
primary differential $ = ^^aq , the unit vector of the Frobenius algebra is given by e = —d^Ag . 

Let us denote the marked coordinate by so that e = —5^1 . 

Proof. This can be verified by a simple calculation using the chain rule d^i = 
Y^i=i (iffc^Ai + §|rC^Ai) ^'^d expressions for d\i/d£} provided by Lemma|^ □ 

5.3 Prepotentials of new Frobenius structures 

A prepotential of the Frobenius structure which corresponds to a primary differential <^ is a 
function F^{{i^]) of flat coordinates of the metric ds^ such that its third derivatives are given 
by the tensor c from F3: 

d F^{^) — c{d^A , d^B , d^c) = ds^ [d^A ■ d^B , d^c) . (5-21) 



We shall construct a prepotential F^ for each primary differential $ . This will prove that F3 
(symmetry of the tensor {V ^Ac){d^B , d^c , d^o)) holds in our construction. In order to write an 
expression for prepotential we define a new pairing of multivalued differentials as follows. 

Let uj^°'\P) , a = 1,2 . . . be a differential on C which can be decomposed into a sum of 
holomorphic (w[^o)) and antiholomorphic parts, lj^") = uj["l^ +a;["|) , which are analytic 

outside infinities and have the following behaviour at P ~ oo* (we write A for A(P) , and 
Zi = Zi{P) for a local parameter 2^""'"^ = A at P ~ oo* ): 



oo 

41)(^)= E -nh'^dz, + ^d[Y.r^:}x-logX 

ia) 

n=—n\ ' 



\n>0 



oo 



(a) 

n=—n2 



\n>0 



(5.22) 



where n^"^ , 712"^ G Z ; and c^^l , r^"^ , c^"- , r^^j are some coefficients. Denote also for 
k = l,...,g : 





:= / ^(-) 






5 


dpi''\x{P)) 








= E^i^^ 


dpf (A(P)) 


:= u;[:l,iP^^)- 










■■= - 




(A) 


= E^i?^^ 

s>0 


4"^(A(P)) 








s>0 



(5.23) 



Note that all primary differentials and the differential ^'(P) have singularity structures which 
are described by (|5.22|) - (|5.23j) . For u;(°) being one of the primary differentials, the coefficients 
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Ak , Bk , Psk , Qsk , Psk , Qsk do not depend on coordinates on the Hurwitz 

space. 

Definition 6 For two differentials having singularities of the type \5.2^) . \5.2'-^) . we 

define the pairing F[ ^ ] as follows: 

i=0 \n>0 n>0 

n>0 •'■^O •'■^O n>0 J 

^" * ^j^;^ V -'Qfe Ja^ Jb^ 

- i 4")(A)a;;S, +4"^ / -fS, -i^f) / • (5-24) 

As before, Pq *s ^/^e marked point on C such that A(Po) = , and the cycles {0^,6^} all pass 
through Pq . 

From this definition one can see that if the first difi'erential in the pairing is one of the 
primary differentials then this pairing gives the corresponding operation I^a apphed to the 
second differentiah 

:F[^^a,uj]=1^a[u;] . (5.25) 



Theorem 10 The pairing i5.24\ ) is commutative for all primary differentials except for differ- 
entials <J>jfc and <I>3fc, k = 1, . . . ,g which commute up to a constant: 

=n'^t,, (5.26) 

Proof. Due to the relation (|5.25jl we should compare the action of superpositions of operations 
I^aI^b and I^bI^a on the sum of Schiffer and Bergman kernels. This sum is only singular when 
the points P and Q coincide. Therefore among the operations I^^i, I^?, I^fc, I^fc, l^k, l^k 
those ones commute, being applied to 0(P, Q) + B{P,Q) , which are given by integrals over 
non-intersecting contours on the surface. In the set of contours used in the definition of the 
operations I^a , the only contours that intersect each other are the basis cycles and ■ A 
simple local calculation in a neighbourhood of the intersection point Pq shows that the order of 
integration can be changed in the integral §^^^ X{P)Vl{P, Q) due to the assumption A(Po) = . 
Therefore the only non-commuting operations, among the mentioned above, are I^fe and l^k . 
The difference in (|5.26|) can be computed using formulas (|3.3|1 for integrals of the bidifferential 
W{P, Q) over a- and b-cyc\es. 

By a similar reasoning one can see that operations of the type Ip-a , l^i:a , and 1^, for 
i = 0, . . . ,m , a = 1, . . . ,ni commute with the previous ones. They commute with each other 
due to the symmetry properties of the kernels. □ 
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Now we are in a position to prove Theorem|HJ which gives the metric ds| in flat coordinates. 
Proof of Theorem\^ For computation of the metric on vectors d^A we shall use the relation 

dsl{d^A,d^B) = e{n<i>^A,<^^B]) , (5.27) 

which we prove first. 

Using Lemma HJ we express the vectors d^A via canonical tangent vectors: 



Therefore for the metric (|5.5() we obtain: 

L 

2 



1 ^ 



i=l 



For computation of the right-hand side of 1)5. 27() we note that, in the pairing of two primary 
differentials, only contribution of the second one depends on coordinates, therefore we have 

e(j^[$5.4,$gfl]) = J^[<^^A,e{^^B)] . (5.30) 

The action of the vector field e on primary differentials is provided by Lemma |S1 From 1)5. 25() 
we know that the pairing in the right side of 1)5. 30() is just the operation I^a applied to e($^s) . 
Therefore in the right-hand side of 1)5. 27|) we have 

L 



i=l 

L 



^E('^?^{M)(^OV [^{P,P^)+B{P,P^)\+^^B,,^,,{P,)l^A [B{P,Pi) + ^{P,P,) 

1 ^ 

oE(^C^a.o)(^.)'^'C^(i,o)(^.) + ^€^(o,i)(^^)^5^(o,i)(^0) • (5.31) 



2 

i=l 



Together with (|^^ . this proves dOTJ. 

Now let us compute ds^ [d^i^d^A^ . According to (|5.27|) we need to compute the action of 
the unit field e on the following quantity 

J-[$,,,c^5^] = -<f A(P)$^A(,,o)(P) - <f A(P)cD^A(o,,)(^) • 

Let's again consider the biholomorphic map of the covering C\ C\ performed by a simulta- 
neous 5-shift {5 G M) of the points on all sheets (see proof of Proposition inj. Since 

^A{P^) = ^iA{P) (5.32) 

we get 



e $5a]) = ^U=o (- (A(P) + 5)%a,o)(^) - iKP) + 5)%(o,i)(P)' 

= - I ^^a{P) = -6^A^ 
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Therefore ds| , ) = —S^a^^i . Analogously we prove that ds| (5^^, = . To 

_d_ 



compute the remaining coefficients of the metric consider the operator = T^r+s • It annihilates 



any primary differential: 

Pe($gA(P))=0 (5.33) 

as can be proven by differentiation d/d6\s=o of the equality (|5.32p . Therefore, applying the 
operator to the expansion of the multivalued differential near the point cxd* , we obtain 
the following relation for the corresponding (see (|5.22|) ) coefficients Q^j : 

\ i>i J m + l ■ 

Therefore we have 



^i;l+n^— a 

and ds| [dyi,d^A) = e (^c^J^^ = cj^^ = 6^A^^i . Thus, we computed the entries of the matrix 
listed in the theorem and proved that they are the only non-zero ones. □ 

Formulas (|5.28p and ()5.29p yield the following expression for the tensor c = ds'^{d^A -d^Bjd^c) 
(compare with expression ()4.2Up for the tensor c of Dubrovin's construction): 

L 



cid,A,d,s,d,a) - --^ ^-^^ 



+ J ■ ^'-'^ 

The next theorem gives a prepotential of the Frobenius manifold, a function of flat coordi- 
nates {^'^l , which, according to Theorem ^ solves the WDVV system. 

Theorem 11 For each primary differential^ consider the differential ^ {P) \5.14[ l, multivalued 
on the surface C . For the Frobenius structure defined on the manifold Mg-nQ^,,,^n,ni{^iT^i}) 
the metric ds^ 4 5. ,5)) . multiplication law H5.1]} . and Euler field 115.,"^} . the prepotential F^ is given 
by the pairing \5.24\) of the differential ^ with itself: 

F^ = , M/] . (5.35) 

The second order derivatives of the prepotential are given by 

1 1 

dcAdcBFq, = J-Y^cA , ^cb] 5tA gkbcB jfc + 5tA fk6cB gk , (5.36) 

where 5 is the Kronecker symbol. 

Proof. To prove that the function F^ is a prepotential we need to check that its third order 
derivatives coincide with the tensor c ()5.34p . We shall first prove that the second derivatives 
have the form (|5.36jl and then differentiate them with respect to a flat coordinate ^'^ . 
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The first differentiation of witli respect to a flat coordinate gives: 

d^AF^ = ^n'^^A , ^] + ^^[M/, <^^a] . (5.37) 

The first term in the right side of ()5.37p equals ^I^a[^] (see (|5.'25p ). Consider the second term. 
From expansions 1)5. 15() of the multivalued differential ^ and its integrals and transformations 
(|5.16j) - (|5.18)) over basis cycles we know that the coefficients for ^ which enter formula (|5.24j) 
for the pairing are nothing but the flat coordinates of ds^ . Therefore, writing explicitly the 
singular part in expansions (|5.15|) and using also (|5.16|) - (|5.18j) . we have for the second term in 



i=0 \ a=l 

fl^o[^^A] I„,[$^a]\ 1 



Ea(nj + 1) 
0,1,$ . l+i;a A<PtA,-| nJ 



III. I 

i=0 \ a=l 
^ \ no -\- 1 Hi -\- 1 J s V ' y 2 ^ 



+ ^'^*.*„Jh*[^^?^(i.o) + ^V(o,i)] + ^ ^V(o.i) + ^'^^.^.fe £ ^V(o,i)) • (5-38) 

Here the Kronecker symbol, for example, S^^ . is equal to one if the primary differential ^ 
(which defines the metric ds^ and the differential is <I>^i . 

Suppose the primary differential is of the types 1, 3, 5, i.e. suppose ^'^ G {i*'", v^, w*} . 
Then $^a(P) = I^a[0(P, Q) + B{P,Q)] . In this case the operation I^a commutes with all the 
others (see Theorem IK Therefore we can rewrite (|5.38)) as an action of I^a on some differential 
which depends on A(Q) only (and does not depend on A(Q)): .F[^,<&^a] = I^a[^(i_o)(<3)] • 
Analogously, we find that for primary differentials of the types 2, 4, 6 , when G {i^'", ^ t^*} ? 
the right-hand side in (|5.38j) is equal to the action of I^a on a differential depending only on \{Q) , 

i.e. J^\^ ^^a] = IgA[^(o,i)((5)] • Examining the properties of the differential ^(i,o)(Q) + ^{o,i)(Q) 
such as singularities, behaviour under analytic continuation along cycles {0^,6^} and integrals 
over these cycles, we obtain with the help of Lemma HJ ^{Q) = ^(1,0) (Q) + ^(o,i)(Q) ■, and 
therefore \I'(i_o)(Q) = '^(i.o){Q) , ^'(o,i)((5) = ^'(o,i)(Q) . Hence, for primary differentials of the 
types 1 — 6 we have 

T[^,^.a]=1.a[^ . (5.39) 
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Similarly, for differentials and $„fe , we get 



T[^,<^,,] = -i A(Q)^'(,,o)(g) - / A(Q)*(o,i)(Q) , 
= -(f A(g)§(,,o)(Q) - / A(Q)§(o,i)(Q) , 

J bi. J bi. 



which proves that (|5.39|) also holds for G {r^, u^} . 

Formula ()5.39|) changes for the primary differentials and <I>(fc : the additional terms 
appear due to non-commutativity of the corresponding operations (Theorem llOp: 

^[*,$,.] = - ^ ; n^,^t^] = lA^] + ^. . 
Coming back to the differentiation (|5.37|) of the function , we have 

O.aF^ = J'l^.A , ^'1 - 6fA ofc + S.A tk . (5.40) 

Note that the contribution of the primary differential into the pairing .F[$^a,^'] does not 
depend on coordinates. Therefore, by virtue of Theorem IHl the differentiation of (|5.4()|) with 
respect to gives the expression (|5.36() for second derivatives of the function F^ . 

To find third derivatives of F^, we differentiate (|5.36|) with respect to a flat coordinate : 

d^cd^Bd^AF^ = J^[%4 , %«>^s] = I^a[%«>^b] . (5.41) 

Then we express the vector d^c via canonical tangent vectors {d\^} as in ()5.28|) and use formulas 
from LemmaOlfor derivatives of primary differentials. Analogously to the computation (|5.31|) we 
find that derivatives 1)5. 41() are given by the right-hand side of (|5.34|1 . i.e. equal to the 3-tensor 
c{d^c , d^B , O^a) . □ 

Thus, by proving that the function F^ given by 1)5. 35(1 is a prepotential (see Definitional) we 
completed the construction of Frobenius manifold corresponding to the primary differential $ 
on the space Mg-no,...,n^ ■ Let us denote this manifold by M* = M^^^^^ „^ . 

5.4 Quasihomogeneity 

Now we shall show that the prepotential F^ (j5.35|) is a quasihomogeneous function of fiat coor- 
dinates (see ()2.1() ). According to Theorem ^ the prepotential satisfies 

E{F^) = VpF^ + quadratic terms . (5-42) 
In the next proposition we prove that the vector field E has the form (|2.2)) . i.e. 

E = Y, ^Aed^A , (5.43) 

A 

and compute the coefficients {i^a} ■ 

Proposition 11 In flat coordinates {i^} of the metric ds^ , the Euler vector field h5.^) has the 
form \5.4'^ ( and therefore is covariantly linear) with coefficients {i^a} depending on the choice 
of a primary differential <I> as follows: 
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i/ $ = or ^ = then 

m rii , s 

™ / _ _ \ 



i=l 

9 



fc=l 

i/ $ = , $ = , $ = $^fc<, or ^> = $„feo t/ien 



1=1 



i=0 a=l * i=l 



k=l 

if^ = ^^^o , ^ = ^^-^o , ^ = ^sfeo or $ = ^^-ko then 



a 

i=0 a=l * ~^ j=l k=l 



Proof. Let us compute the action of the Euler vector field on a flat coordinate . Consider 
again the biholomorphic map Cx — > Cx defined by the transformation P on £ such that 

A(P'^) = A(P)(1 + e) , e G M , performed on every sheet of the covering Cx ■ Since the kernels 
and B are invariant under this map, the primary differentials transform as follows: 

for $ = or $ = : <^>^{P') = (1 + e)^«>(P) 

for $ = <^ = $ = <^rk or $ = : $^(P^) = (1 + e)$(P) 

for $ = ^> = = or $ = $tfe : $^(P^) = $(P) , 

where is the corresponding differential on the covering £^ . 

Let us choose, for example, the primary differential ^^io-.a . Flat coordinates of the metric 
ds^ are functions of {Xj} and {Xj} only. If we consider corresponding functions on and 
differentiate them with respect to e at e = , we get the action of the vector field E (|5.:-{|) on 
the flat coordinates: 

E{fn = -|e=o . res (A(P^))^^ci,^^;.,, „,(P^) 

= -|.=o(l + e) +"«.+^f'" = (l — + — 

de ni + l Ui^ + 1 

Therefore the vector field E depends on the coordinate t*'" as E = (1— ^ '^^^ + ^ "^j^ )t^'°c)fi;c. + . . . . 
Similarly we compute the dependence on the other flat coordinates. □ 

The action 1)5. 42() of the Euler field (|5.43p on the prepotential Kj is equivalent to the condition 
of quasihomogeneity for , i.e. F^{k^^£} , . . . , k'^^l^sl-j _ ^t^F p^(^^^ ^ _ _ _ ^ ^'^^) + quadratic terms 
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with the coefficients of quasihomogeneity {z^a} computed in Proposition llll As for the coefficient 
Vp , the proof of Theorem ^impUes that I'p = 3 — v , where the charge of a Frobenius manifold 
was computed in Proposition [7| Thus, we have 

for ^ = OT ^ = ^,j7^ : i/ = 1 Up 

Ui + l 

for = ^^i, ^ = ^^i, ^ = or $ = <I>„fc : u = -1 Up 

for <3) = <I>^i, $ = <I>^i, $ = or $ = <I>jfc : u = I Vp 

Remark 6 The described construction also holds for the differential $ being a linear combina- 
tion of the primary differentials which correspond to the same charge v . In other words, the 
differential <I> which defines a Frobenius structure can be one of the following: 

1. ^> = Ci-a^p;c, + crr^^f-i^ for some pair {i;a) : i G {0, . . . , m} , a S {1, . . . , - 1} , 

m g 

i=l k=l 
m g 

i=l A:=l 

where the coefficients do not depend on a point of the Hurwitz space. The unit vector fields for 
the structures defined by these combinations, respectively, are given by: 

for some pair (i; a) : i = 0, . . . , m , a = 1, . . . , — 1 

9 

k=l 
9 

^{aud^k +pkdtk) . 

k=l 

In each case, by a linear change of variables, the field e can be made equal to d^i for some new 
variable . This change of variables does not affect the quasihomogeneity of the prepotential 
since the flat coordinates which enter each of the three combinations have equal coefficients of 
quasihomogeneity (see Proposition [TT|) . 

6 G-function of Hurwitz Frobenius manifolds 

The G- function is a solution to the Getzler system of linear differential equations, which was 
derived in [0] (see also ) . The system is defined on an arbitrary semisimple Frobenius manifold 
M . 

It was proven in |S] that the Getzler system has unique, up to an additive constant, solution 
G which satisfies the quasihomogeneity condition 

£(G, = --^(l-.,--) 

A=l 



2a 

Ui + l 

4 

2 . 



1. e 

2. e 



m 



i=l 

m 



3. e = - ^ {Ki^^^ + K-^d^ 



i=l 
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with a constant in the left side: v is the charge, n is the dimension of the Frobenius manifold; 
\va\ are the quasihomogeneity coefficients (|2.1|) . In [0] the following formula (which proves the 
conjecture of A. Givental TUJ) for this quasihomogeneous solution was derived: 

G = logj^, (6.1) 
where J is the Jacobian of transformation from canonical to the flat coordinates, J = det ( ^4- ) ; 



and Ti is the isomonodromic tau-function of the Frobenius manifold defined by 



1 " 

^-=9 i = l,...,n. (6.2) 



d log Ti 

d\i " ' ■ 2 , 

The function G H6.1|) for the Frobenius manifold was computed in [5] . In |12l I13j expression 
(|6.1|) was computed for Dubrovin's Frobenius structures on Hurwitz spaces in arbitrary genus. 
Theorem 1121 below summarizes the main results of papers ^2 and |13j . 

Denote by S the following term in asymptotics of the bidifferential W{P^ Q) (|3.2j) near the 
diagonal P ^ Q : 

WiP, Q) =^ {j^^^p^^^, + Si.iP)) + o(l)) d.[P)d.[Q) 

( QS{x{P)) is called the Bergman projective connection jSj). By Si we denote the value of S at 
the ramification point Pi taken with respect to the local parameter Xi{P) = \/X — Xi : 

Si = S{xi)\x^=o . (6.3) 

Since the singular part of the bidifferential in a neighbourhood of the point Pi does not 
depend on coordinates {Xj} , the Rauch variational formulas (|3.4|) imply 

The symmetry of this expression provides compatibility for the following system of differential 
equations which defines the Bergman tau-function Tw '■ 

Theorem 12 The isomonodromic tau-function Tj id. ^) for a holomorphic Frobenius structure 
M"^ is related to the Bergman tau-function as follows f\l^^ ): 

Ti = M''^ , (6.4) 
where r^y is given by the following expression independent of the points P and Q (ll/fl): 

L+m+l 

rw = Q^''' n [EiDk.Di)]""''^/^ (6.5) 

k,l=l k<l 

and 
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Q is given by 

L+m+l 

Q = [dXiP)]"^ CiP) n [E{P,D,)]^^ 

k=l 

where C{P) is the following multivalued g{l — g) / 2- differential on C 

detl<a,/3<3 (^)ll ai,. ..,«<,=! 

^k=T^^ ^kDk is the divisor (dX) of the differential dX{P) , i.e. Di = Pi, di = 1 for 
I = 1, . . . , L and = oo*, d^+i+i = — (n^ + 1), i = 0, . . . ,m . As before, we evaluate 

a differential at the points of the divisor {dX) with respect to the standard local parameters: 
Xj = y^X — Xj for j = 1, . . . , L and x^+i+j = A"^/*^"'"*"^) for i = 0, . . . ,m 
9{z\E), z £ is the theta-function; E{P,Q) is the prime form; E{Dk,P) stands for 

E{Q,P)^/d^^)\Q=D, 

is the vector of Riemann constants; the fundamental domain C is chosen so that the 
Abel map of the divisor (dX) is given by A{{dX)) = —2K^ 



6.1 G-function for manifolds M'^ 

Theorem 1121 gives the numerator of expression H6.1|) for the G-function of holomorphic Frobenius 
structures M'^ on Hurwitz spaces described in Section^ For the denominator we have (see jS], 

m) 

where (j) is the primary differential from the hst of Theorem |21 which corresponds to the Frobenius 
structure . 

Summarizing above formulas, we get the following expression for the G-function of the Frobe- 
nius manifold M"^ : 



1 1 

G = - - log Tw- - — log Jl (t){Pi) + const , (6.6) 

Tyv is given by (|6.5() . 
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6.2 G-function for "real doubles" M* 

For the Frobenius structures with canonical coordinates {Ai, . . . , Al; Ai, . . . , Xl} , corresponding 
to the primary differentials ^ from Sectional the Jacobian of transformation between canonical 
and flat coordinates is given by 



^ ' 1=1 



(6.7) 
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The definition ()6.2() of the isomonodromic tau-function in this case becomes: 

(6.8) 

Analogously to relation (|6.4p one can prove (see ^S] and Proposition^] below) that the function 
Tj is —1/2 power of the function Tq , which is defined by the Schiffer kernel Q{P,Q) (|3.6|) as 
follows. The asymptotics of the kernel Q{P,Q) near the diagonal is 

Denote by ilj the evaluation of the term Sn{x) at the ramification point Pi with respect to the 
local parameter Xi = y/X — Xi : 

rjj = {S(i{xi)) \xi=o = Si -\- Tii , 

where Si is the same as in (|6.8|) and Sj is given by Sj = — vr^^ ^^]^(ImB)j7^^u;fc(Pj)u;;(Pj) . The 
differentiation formulas 1)3. for the kernels O and B imply 



(6.9) 



-B'^iPi, Pi) = 26?. , ^ = -n^iPi, Pi) = 20?-. , 
which allows the following definition of the tau-function : 

^ = --0., ^ = -in,. (6.10) 

dXi 2 ' 2 ^ ^ 

From Ranch variational formulas (|3.12|) we find 

91ogdet(Im]B) _ 1 9 log det(Im]B) _ 1- 

dXi " "2 ' ' dXi " ~2' ' 

and therefore 

Tn = const |t,^/|^ det(ImB) . (6.11) 



Remark 7 This tau-function coincides with an appropriately regularized ratio of determinant of 
Laplacian on C and the volume of C in the singular metric \dX\^ (see (HI 1121 HE] ). 

Now we are able to compute the function Ti ()6.8p by proving the following proposition. 

Proposition 12 The isomonodromic tau-function Tj for a Frobenius structure with canonical 
coordinates {Ai, . . . , A^; Ai, . . . , A^} on the Hurwitz space is related to the function \6.1U\) by 

Ti = (rn)-V2 . (6.12) 
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Proof. Using the relation (|6.9|) between derivatives of fij and rotation coefficients Pij , we 
write for the Hamiltonians Hi (|H.Sj) : 

/ L L \ 1 ^ 1 ^ 

Hi = ^X^{ ^A,^^+E5),^.a -| 5] A,aA,l^.--5]A,a^^X!,. (6.13) 

For the quantities Jlj one can prove the relations 

To prove 1)6.14(1 we use the invariance of the Schiffer kernel ^}{P,Q) under two biholomorphic 
maps of the Riemann surface £ i— > £^ and £ ^ given by transformations A — > A + 5 and 
A A(l+e) performed simultaneously on all sheets of the covering Cx (see proofs of Propositions 
laandEl). 

Substitution of l|6.14() into ()6.13|) yields 

. L 



Similarly, we get for the relation: = -^Qi . □ 

Formulas H6.7|) . (|6.11() and (|6.12() give the expression for the function G (|6.1() . i.e. we have 
proven the following theorem. 

Theorem 13 The G-function of the Frobenius manifold is given by 

G = -^log{ |rH/|2det(ImB)} - ^ log | J] $(,,o)(P.)$(o,i)(^i)| + const , (6.15) 
where the Bergman tau-function Tw is given by h6.5]) . 



7 Examples in genus one 

Since the described construction in the case of genus zero does not lead to new structures, the 
simplest examples we can compute are the Frobenius structures in genus one. The simplest 
Hurwitz space in genus one is Mi-i . We shall compute the prepotentials of Frobenius manifolds 
Mf.^ and Mf.{ , Mf.{ , M*|+''*' (for a nonzero constant a £ C) given by formulas and 
()5.35() . respectively, and the corresponding G-functions ()6.6j) and ()6.15|) . 

The Riemann surface of genus one can be represented as a quotient C = C/{2uj, 2uj'} , where 
uj,io' G C . The space Mi-i consists of the genus one two-fold coverings of CP^ with simple 
branch points, one of them being at infinity. These coverings can be defined by the function 

A(0 = p(?)+c, (7.1) 

where p is the Weierstrass elliptic function p : £ — > CP^ and c is a constant with respect to ? . 

We denote by Ai, A2, A3 the finite branch points of the coverings ()7.1() and consider them as 
local coordinates on the space Mi-i . 
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7.1 Holomorphic Frobenius structure Mf.l 

The primary differential (ps is tlie liolomorpliic normalized differential (see H3.3|l ): 

= ^j(w^(?,0. (7.2) 

It can be expressed as follows via A and : 

0(A(O) = i- , '^^ m = — . (7.3) 

^ " 4u; V(A-Ai)(A-A2)(A-A3) ^ 2u ^ ' 

The expansion of multivalued differential pd\ = (^J^ (fj dX at infinity with respect to the local 
parameter z = A~^/^ is given by 

pdA = ^ ^-^ + c + 0{z)^ dz . 

The Darboux-Egoroff metric ()4.8() corresponding to our choice of primary differential (p has in 
canonical coordinates {Aj} the form 

80.2 \ (Ai - A2)(Ai - A3) (A2 - Ai)(A2 - A3) ^ (A3 - Ai)(A3 - A2) J ' ^ ' ' 

The set of flat coordinates of this metric is 

r 1 rx+2uj 

ti ■= s = - j) X(j)s = -— J (p(?) + c)d<^ = - c 

t2 ■■= f '' = res -^pdX = - (7.5) 

1 / . 1 
ts-=r = —f4>= — — , 

where we denote by 7 the following function of period fi = Init^ of the torus C : 

1 gr(o;/^) ,7.^ 
^^'^^ = 3^^1(0^ • 

This function satisfies the Chazy equation (see for example |3]): 

y" = 677"-9y2. (7.7) 
The metric (j7.4|) in coordinates (|7.5|) is constant and has the form: 

ds^^ = ^{dt2f - 2dtidt3 . 

The prepotential H4.19() (it was computed in ^[3]) of the Frobenius structure is given by 

F^s = -\titl + ^tjts -^4 7(2vrit3) • 
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This function is quasihomogeneous, i.e. the following relation 

F^SK''Hi,K''H2,^i''H3) = K^"^ F^^tiMM) (7.8) 
holds for any k 7^ and the quasihomogeneity factors 

1^1 = 1 , 1^2 = ^ , t's = and Vp = 2 . (7.9) 

The Euler vector field E = Yl\=i ^i'^K ™ coordinates has the form: 

3 



3 1 



k=l 



and the quasihomogeneity (|7.8() . I|7.9() can be written as E{F^^{ti,t2,t3)) = 2F^^{ti,t2,t3) ■ 
The corresponding G-function was computed in ^ : 



G = -log{7?(27rit3)(t2)^} + const 



where r/(^) is the Dedekind eta-function: r/(;u) = (^i(O))^/^ . (See ^2] for the function Tw in 
genus one.) 

7.2 "Real doubles" in genus one 

We consider the same coverings {C,X) with C = C/{2uj,2uj'} , and the function A given by 
(|7.1|) . The coverings have simple branch points Ai, A2, A3 and 00 . The set of such coverings is 
considered now as a space with local coordinates {Ai, A2, A3; Ai, A2, A3} . 

7.2.1 The manifold M*| 

The primary differential $ = <I>s has the form (^u = uj' /uj is the period of the torus C): 

*W = = + . (7.10) 

^ — fx ZuJ fj, — fj, 2uJ 
The corresponding Darboux-Egoroff metric 1)5. 5() is given by 

'1 / /2 \y (dXif , (dA2)2 



ds|^ = Re <! ^ ( 1 ( ^ + 



4u;2 \n-fj,J \{X^ - A2)(Ai - A3) (A2 - Ai)(A2 - A3) 



+ ^M! ) k . (7.11) 

(A3-Ai)(A3-A2),' ^ ^ ^ 



The flat coordinates of this metric are 



:= s = Re <^ — ^ / (p(<j) + c)— ^ t4 := t = Re <^ — ^ / (p(<j) + c)- 



t2 := = t5 := = h (7.12) 
/X — /i u; 

1 1 /2 

2m IJ. — n 2tti H — H 
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Note that /i = ts/te > /-i- = ^ttU^ / {2-1111^ — 1) and for the solution H7.6|) to the Chazy equation we 
have 7(^) = -i j-fi) ■ 

The metric 1)7. in the flat coordinates has the form 

ds|^ = ^idt2f + ^{dkf - 2dtidt3 + 2dt4dtG . 

The corresponding prepotential ()5.35|) is 

1 2 1 2 1 2 1 / In 
^^s - ~4*1*2 - ^*l*5 + 2*1*3 - 2*1*4(2*6 - ^) 

+ *3 ( ^*2*4(*6 - + 1*4*5*6 + -^t^hKh " + ^6*2*5 



(7.13) 



H *■ 
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Note that the coordinates *i, *3, *4 are real, *2 and *5 are complex conjugates of each other and 
*6 has a constant imaginary part, = *6 — l/27rz . In these coordinates, the prepotential F^^ 
is a real-valued function. However, also satisfies the WDVV system when considered as a 
function of six complex coordinates; in that case, F^^ is not real. 

This function is quasihomogeneous: the relation (k^^^*!, . . . , n'^'^t^) = K'^^F^^{ti, . . . ,1^) 
holds for any k ^ and the quasihomogeneity factors 

Ul = l , V2 = \ , = , 

1 (7.14) 
= 1 , ^5=2' '^e = , vp = 2 . 

The Euler vector field E = Yli=ii'^i^K + ^«^A,) the following form in the flat coordinates: 

-E = ^ Vatadt^ = hdt^ + -*25t2 + *4<9t4 + -*5(?f5 , 
a=l 

and the quasihomogeneity of can be written as E{F^^ (ti, . . . , tg)) = 2F$^ (ti, . . . , tg) • 

The corresponding G- function (|(115|) (real- valued as a function of coordinates (|7.12|) ) is given 

by 



Here we use the relation ?7(/x) = r]{—fi) for the Dedekind r/-function. 
7.2.2 The manifold 

The primary differential $ = <I>i has the form (/i = lu' /lu is the period of torus): 

CD = = TTT^ ■ 7.15 

/.i — /X 2cj ^ — fi2L0 
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The corresponding Darboux-Egoroff metric H5.5() is given by 

' 1 / 1 \y {dXif (dA2^2 



ds|^ = Re ^ A ( ^ ] ( m . . + ^""^ 



4a;2 \^;u - /^y V (Ai - A2)(Ai - A3) (A2 - Ai)(A2 - A3) 



(rfA3^2 



(A3 — Ai)(A3 — A2'' ^ ^ 



The flat coordinates of this metric are 
ti:=t = Re 



t2 := = h := t''^^ = t2 (7.17) 

/X — /i w 

1 11 
t3-=r = — r ^6 ■ 



s = 


Re| 




= h 


u = 


1 



27ri fJ, — fJ- 27ri ^J- — n 

In terms of these coordinates, the period of the torus and its conjugate can be expressed as: 
fj, = ts/tQ and ft = (27rzt3 — l)/2Trite . 

The metric (|7.16p in flat coordinates has the form: 

dsi = l{dt2f + lidhf + 2dtidtQ - 2dt3dU ■ 
2 2 

The corresponding prepotential ()5.35() is given by 

F.,. = -flh - ^ht, + -tit4(2t3 - ^) - 2*1*6 - 2*3(t3 - ^)- - — 



2^ 7: +^ (7-18) 



32*6 1287rit2 ' \^tgy Ate 
4 1 tf ^ /1^2^\ (is - 2il)Mi 



32*6 1287ri ^ V 27rii6 / 4*6 

This function is also real if the coordinates are of the form (|7.17j) : in this case ti, t4, are 
real, *2 = ^5 , and has a constant imaginary part, namely, we have is = — ^ . Last 
two lines in (|7.18|) are complex conjugates of each other since for the function 7 (|7.6|1 we have 
7(m) = ■ 

The function F^^ (|7.18|) is quasihomogeneous. The quasihomogeneity factors {ui} and Vp 
are the same as for the above example (the function F^^)^ they are given by (|7.14p . 

The G- function for M*{ (it is also real- valued as a function of coordinates (|7.17|l ') is given 

by 

{"(!)" (^) l^"-'' 

where, again, r/ is the Dedekind eta-function. 
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7.2.3 The manifold M*|+''*' 

According to Remark in the end of Section [51 there exists a Frobenius structure built from 
a hnear combination of two primary differentials $s and ■ Here, we compute a prepotential 
which corresponds to the differential <I> = <I>s + a^t for a being a non-zero parameter. 
We start with the differential 

fj, — fi Zio fx — fi 2uj 
The corresponding Darboux-Egoroff metric ()5.5|) is given by 

2_ 1 ft^-'^Vf (^^i)^ (^^2)^ 



ds^ = :^ ( ^— 1 ( + 



8a;2 V/i - f^J V(Ai - A2)(Ai - A3) (A2 - Ai)(A2 - A3) 
+ 



(A3-Ai)(A3-A2)y ScdHA-/^/ V(Ai-A2)(Ai-A3) 

(A2-Ai)(A2-A3) (A3-Ai)(A3-A2)y • ' 
The flat coordinates f and s of the metric (|7.19|) are 

i = ^ / (P(?) + c)— + / (p(?) + c) — 

s = ^ / (P(0 + c)— + / (p(0 + c)— . 

We need to perform a linear change of variables in order to have the unit field e in the form 
e = — . After this change of variables, we get the following set of flat coordinates for the 
metric ((7?Tn)) : 

ti := s + a~^t := s — a~^t 

t2:=f-' = -^ ^5:=*' (7.21) 

iO IjL — fl LO fi — fl 

1 (ft — a)iJ, 1 1 

h-=r= —— tQ:=u- 



27ri fJ. — H 27ri ^jl — fi 

In the coordinates 1)7. 21() . the metric has the form: 

ds| = ^{dt2)'^ + ^{dt^f - dtidts + adtidta - dt^dti - adt^dtQ . (7.22) 

The period of the torus and its complex conjugate can be expressed in terms of the coordinates 
()7.21|) as follows: fi = t^/tQ and p. = {a — 27rit3)/(l — InitQ) , respectively. 
Then, the prepotential (|5.l'{5)) is the following function of 6 variables: 

i^K.+a*. - 647rit2^Vi6y 16(27rit6-l)2^ Vl-2vrit6y S^itg ^ 



2 Am 2m 2m J 



2 
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In the limit o" — > , the metric (|7.'22() becomes singular and the function ()7.23() does not satisfy 
the WDVV system. To obtain from (|7.2,'-{|) the prepotential , corresponding to the case 
cj = , one has to rewrite F$^-|_o-<i>t in terms of the original variables H7.20|) and then put cr = . 

The function is quasihomogeneous. The quasihomogeneity factors {vi} and i^p are 

given by H7.14() . 

The G-function for M*|"'"'^*' is given by 

A computer check shows that functions F<j,^ H7.13() . F^^ ()7.18|) . and (|7.23|) indeed 

satisfy the WDVV system. 
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